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Abstract 

Motivated by possible applications within the framework of anti-de Sitter gravity /Conformal 
Field Theory (AdS/CFT) correspondence, charged black holes with AdS asymptotics, which are 
solutions to Einstein-Gauss-Bonnet gravity in D dimensions, and whose electric field is described 
by a nonlinear electrodynamics (NED) are studied. 

For a topological static black hole ansatz, the field equations are exactly solved in terms of 
the electromagnetic stress tensor for an arbitrary NED Lagrangian, in any dimension D and for 
arbitrary positive values of Gauss-Bonnet coupling. In particular, this procedure reproduces the 
black hole metric in Born-Infeld and conformally invariant electrodynamics previously found in the 
literature. Altogether, it extends to D > 4 the four-dimensional solution obtained by Soleng in 
logarithmic electrodynamics, which comes from vacuum polarization effects. 

Fall-off conditions for the electromagnetic field that ensure the finiteness of the electric charge 
are also discussed. The black hole mass and vacuum energy as conserved quantities associated to 
an asymptotic timelike Killing vector are computed using a background-independent regularization 
of the gravitational action based on the addition of counterterms which are a given polynomial in 
the intrinsic and extrinsic curvatures. 

1 Introduction 

Gauge theories which are described by a nonlinear action for Abelian or non-Abelian fields have become 
standard in the context of superstring theory. Indeed, it was proposed in Ref.pQ that all order loop 
corrections to gravity should be summed up as a Born-Infeld (BI) type Lagrangian [2]. Furthermore, 
the dynamics of D-branes is given in terms of a non-Abelian Born-Infeld action [3]. 

On the other hand, coupling nonlinear electrodynamics (NED) to gravity has been considered in 
the literature as a plausible mechanism to obtain regular black hole solutions (see, for instance, [1]). 
In this respect, the metric for static, spherically symmetric black holes for the BI theory minimally 
coupled to Einstein gravity was derived in a number of papers [5JE]. Other gravitating NED models 
supporting electrically charged black hole solutions have been also investigated, e.g., in Ref.[7] for 



the Euler-Heisenberg effective Lagrangian of QED, in Ref.[8j for a logarithmic Lagrangian, and in 
Ref.[9j for a Lagrangian defined as powers of the Maxwell term. In the same spirit, as an example of 
lower-dimensional models, it is worth mentioning the study of black holes generated by Coulomb- like 
fields in (2 + 1) dimensions [ID], and a similar treatment which includes torsion in Ref.|llj. 

Within the framework of AdS/CFT correspondence, higher-derivative corrections to either gravi- 
tational or electromagnetic action in AdS space are expected to modify the dynamics of the strongly 
coupled dual theory. In particular, in hydrodynamic models, the addition of R 2 terms changes the ratio 
of shear viscosity over entropy density [12] . violating the universal bound l/Air proposed in Ref.[13j. 
In turn, it has been proved that higher-derivative terms for Abelian fields in the form of NED do 
not affect this ratio [H] (for hydrodynamic models dual to R-charged black holes see, e.g., Ref . [15] ) . 
Also, in applications of the AdS/CFT conjecture to high T c superconductivity, higher curvature terms 
violate a universal relation between the critical temperature of the superconductor and its energy gap 
[161 117] . While the Gauss-Bonnet term makes the condensation easier, the inclusion of Born-Infeld 
electrodynamics produces the opposite effect [15] . 

Motivated by the recent results mentioned above, we study black hole solutions in Einstein-Gauss- 
Bonnet gravity with negative cosmological constant coupled to an arbitrary NED theory. As it is 
required in the context of AdS/CFT, we provide definitions for the conserved quantities following a 
background-independent regularization procedure. 

2 Action and equations of motion 

We consider a fully-interacting theory of gravity minimally coupled to nonlinear electrodynamics in a 
L>-dimensional manifold M, which comes from the action 



d x ^g Co = Igrav + Ined • (2.1) 



M 



The pure gravity part of the bulk action with the metric g^, v {x) as the dynamic field is given by 

Igrav = J d° X ^ [r - 2A + Q [r 2 - 4R^R^ + R^XoR^)] , (2.2) 

M 

which contains the Einstein-Hilbert (EH) action -linear in the curvature of spacetime-, a cosmological 
term and a quadratic curvature correction given by the Gauss-Bonnet (GB) term. The cosmological 
constant A is expressed in terms of the AdS radius I as A = — {D — 1) (D — 2) /2i 2 and G is the 
gravitational constant. The GB coupling constant a is of dimension [length] 2 , which takes only 
positive values and it is related to the Regge slope parameter or string scale. 

The matter and its interaction with gravity are described by an electrodynamics action which 
is nonlinear in the quadratic term F 2 = g^g vp F^ v F\ p , where F^ v (x) is the Abelian field strength 
associated to the gauge connection A^(x) as F^ u = d^Au — d u A^. We shall assume an action for 
nonlinear electrodynamics of the form 

Ined = J d D x^g-£(F 2 ), (2.3) 
M 

where the Lagrangian density C(F 2 ) is an arbitrary function of F 2 . 
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We will consider the spacetimes whose dimension is D > 4. The case D = 4 is special because the 
Euler-Gauss-Bonnet term becomes a topological invariant that does not contribute to the equations 
of motion. In that sense, bulk dynamics in D = 4 leaves the GB coupling as completely arbitrary. It 
is expected, however, that the GB term would modify the boundary dynamics of the theory and the 
value of the Euclidean continuation of the action. Indeed, in four-dimensional AdS gravity, the only 
consistent way of achieving the finiteness of both the conserved current and the Euclidean action is 
setting a = £ 2 /4. Furthermore, nonlinear electrodynamics in four dimensions is somewhat particular, 
because one can consider a Lagrangian that depends additionally on another quadratic invariant 
F*F = -7= e^ uXcr F^Fxa, which by itself is a topological term. For a recent discussion on electrostatic 
configurations in four-dimensional gravitating NED, see Ref.|19j. This type of Lagrangians clearly 
cannot be generalized to the higher-dimensional cases we are interested in. 

In order to find the equations of motion of Einstein-Gauss-Bonnet (EGB) gravity, we first note 
that the gravitational action can be rearranged as 



9rav ~ 16ttG(D-2)(D-3) J V 9 %i-M [ 2 ^ ^ 



M 



+ — -^^2X^3X^4 1 a )P 2 ) [R. 51 D^2 T>U3V4 \ ( ■) y 



where the tensor ^j^ 1 ...^ ] denotes the totally antisymmetric product of p Kronecker deltas (see Ap- 
pendix |A|) and we have used the identity 

r 2 - w^rt + R^R^ = \ sfc:;^ r v ^K%\ ■ ( 2 - 5 ) 

This is a convenient form to take the variation of the Riemann tensor as 

in terms of the Christoffel symbol. In addition, using the Bianchi identity for the Riemann curvature, 

= V M < + Va< + V„< = , 
one can show that the gravitational action changes under an arbitrary variation of the metric as 

SIgrav = J d D x^Tg {g-Hg)^ (G£ + H£) + J d^x Q grav (5g, 5T) , (2.6) 

M dM 
where G*t is the Einstein tensor with cosmological constant 

G£ = i^-^# + A<5£, (2.7) 

and the contribution of the GB term to the variation of the bulk action is expressed in terms of the 
Lanczos tensor 



a 



= — -z 5u {r 2 — 4R a/3 R a i3 + R a/3Xa R a/ 3\ a 

+2a (rR£ - 2R» x R Xu - 2R^ a R Xtr + R» aX °R uaXa ) . (2.£ 
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The boundary term in (|2.6f) that appears from the variation of the bulk action reads 



d D - l xQ 



1 



grav 



16nG 



d D xd„ 



dM 



-gS 



M 



yviv 2 v 3 ] & u Mia I w - n, A«2j"3 (£) — 2) (D — 3) " / J ; ' ' 



(2 " 10) 

On the other hand, arbitrary variations of the metric and the gauge field in the NED action 
produce 



SIned 



d D xy/=g 



dC 
IF 1 



5 A 



+ 



d D - l xQ 



NED 



(SA) 



(211) 



M 



dM 



upon a suitable use of the Bianchi identity for the field strength, d^F uX ] = d^Fyx + d^Fyx + d^Fyx = 0. 
The energy-momentum tensor for the matter content, T^ v = — j= SIned has the form 



T£ = 6tt £ - 4 



dC 
dF* 



F^ x F 



and the surface term of the electromagnetic part is 



-A£ F ^5A U ) . 



dF 2 

dM M 
The variation of the total action (|2.ip leads to the field equations plus a surface term 

1 



(2.12) 



(2.13) 



Sin 



d D x 



-g 



16vrG 



S£ {g-^gjl + AS^SA, 



+ 



j d D - 1 xQ Q {8g,5T,8A) , (2.14) 



M 



dM 



where 6>o is the total boundary term coming from the variation of the bulk action, i.e., 0o = Qgrav + 

&NED- 

The equations of motion are then obtained as SIo/5g^ u = and 5Iq/5A^ = 0, that is, 



Gjt + Hg-torGTl? = 0. 



(2.15) 
(2.16) 



In general, the extremization of the action for the fully-interacting theory does not only require 
the e.o.m to be satisfied, but also the vanishing of the surface term for given boundary conditions. 
Therefore, a well-posed action principle leads to supplementing the Lagrangian by suitable boundary 
terms, what will be discussed below. 

The Einstein tensor G„ can be conveniently rewritten in terms of the AdS radius as 



U v - 4 °[uv 1 y 2 } I ^MIW + £2 %it* 2 ] J 

Written in this compact form, the total equation of motion (|2.15p is 



1 c\)*H1—IH] 
8 [wi-v*] 



aR UlV2 R" 3 " 4 + 



R'; 



>3M4 (D — 3)(D — 4) \ WM2 [WSAU] ^ £2 U [/J,ltl 2 ] [M3M4] 



(2.17) 



8irGT}f. 
(2.18) 
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The GB contribution H„ given by (|2.8p modifies the cosmological constant in Gy and therefore, the 
asymptotic behavior of the solutions. This is particularly evident in absence of matter fields, by taking 
the condition of maximally symmetric spacetimes with an effective AdS radius £ e ff, i.e., 

pa/3 L d a fl (o \Q) 

- p2 °\av\ ■ (Z.iyj 
l eff 

The vacua of the theory are then solutions of global constant curvature, where i 2 e ^ is a root of the 
quadratic equation 

a(D-S)(D-4) J- + ^ = 0, (2.20) 

l eff l eff 1 



so that 

W - 2a(D-3)(D-4) . 

£// l±Jl-±{p-S){D-l) a -HD-3)(D-4)- 



The GB term, therefore, sets the equations of motion in the quadratic-curvature form 

g ^W 2 + (+)2 V/^] K » + ,(-)2 "W I ~ ^ ' ' 

\ V/ / \ V/ 

For the discussion of the present paper, we shall consider solutions that satisfy the condition (|2.19p in 
the asymptotic region, i.e., tend asymptotically to a constant-curvature spacetime. 

(+)2 (—)2 

However, for different roots 7^ l K J , there is only one branch of the theory of physical interest. 
This is because the corresponding AdS radii can be expanded as 

l^) 2 = a(D-3)(D-4) + 0(a 2 ), (2.23) 

ijf 2 = e +°( a )> ( 2 - 24 ) 

and, thus, £ e jj reduces to the original AdS radius for vanishing GB coupling, whereas i e J vanishes 
if the GB term goes to zero. 

EGB AdS gravity possesses a unique AdS vacuum when both effective AdS radii are equal, l^j = 

£gff 2 = £ 2 /2, case that corresponds to a GB coupling given by a = £ 2 /A (D — 3) (D — 4). In five 
dimensions, at that particular coupling value, the action features a group symmetry enhancement 
from local Lorentz to AdSs, and it can be expressed as a Chern-Simons density for the latter group. 
This gravity theory has particular dynamical features that will not be discussed here [201 21]. 

3 Generic topological static black hole solution 

A static black hole ansatz for the metric in the coordinate set x M = (t, r, ip m ) is given by 

ds 2 = g^{x) dx»dx v = -f 2 {r) dt 2 + + r 2 lmn {ip) d^ m d^ n . (3.1) 

J \ r ) 
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The boundary dM. is located at radial infinity (r — > oo), and it is parameterized by x l = (t,(p m ). 
The metric j nm with local coordinates (p m describes a (D — 2)-dimensional Riemann space T^-2 with 
constant curvature, that is, 



(7) = k (7mm! 7m 2 n 2 7min 2 7m2niJ > 



(3.2) 



where k = 0, +1 or —1, that corresponds to flat, spherical or hyperbolic transversal section, respec- 
tively. 

We will consider that the solution possesses an event horizon, defined as the largest root of the 
equation /(r+) = 0. The non-vanishing components of the Riemann curvature are 



ntr 



\ (/") 



r>tn r>rn \_ ( f2\' rn 



2r 

m n = ^(fc-/ 2 )t ] , 

where prime denotes radial derivative. The Ricci tensor Ru = R^ has the components 



R', 



1 

2r L 



-5 n 

„2 m 



(f 2 )" + (D-2) (f)' 
(f)' + (D-3) (f-k) 



and the Ricci scalar R = Rfc" is 



(3.3) 



(3.4) 



R= — k 



» 2 (f 2 )" + 2 (D - 2) r (f)' + (D-2)(D- 3) (f 2 - k) 



(3.5) 



For a static solution with a topology equal to the one of the transversal section, we assume an 
ansatz for the gauge field in the form 

A» = (t> (r) tf, , 

with the associated field strength 



(3.6) 

(3.7) 
(3.8) 



where the electric field is given by 

E(r) = -<f/(r) . 

We solve the electric potential in the static ansatz (|3.ip . (|3.7p . where F 2 = —2E 2 , using the only 
non- vanishing component of the Maxwell- type equation f|2. 16[) . 



d_ 

dr 



n-2 



E 



dC 



dF 2 



what leads to the generalized Gauss' law 



E 



dC 
dF 2 



F 2 =-2E 2 



F 2 =-2E 2 



~D-2 



0. 



(3.9) 



(3.10) 
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Here, q is an integration constant related to the electric charge. Notice that the first integral of 
Eq. (|3.10p does not depend explicitly on the metric, but only on the function E(r). The algebraic 
equation in E can be solved as long as the explicit form of NED action is given, and implies that the 
electric field should vanish for q = 0. 

We define the electric potential at infinity measured with respect to the event horizon r + as 
$ = 4>{oo) - (j){r + ). 

On the other hand, integrating out Eq, (|3.8p one obtains the electric potential at the distance r 
measured with respect to radial infinity, 



dvE(v) 



(3.11) 



such that the quantity of physical interest 3> is the potential evaluated at the horizon, 



-4>(r + ) . 



(3.12) 



In order to solve the function f 2 (r) in the metric, we write the only independent components of 
the Einstein and Lanczos tensors, 



r 



D 



2r 2 



{f 2 )' + (D-3) (f -k)-(D-l) 



r 



H; = a (D - 2) (D - 3) (D - 4) 



k-f 



(f)'-(D-5) 



2r 



(3.13) 



A necessary and sufficient condition on the NED Lagrangian density is the Weak Energy Condition 
on the symmetric energy-momentum tensor 



u»u v < , 



(3.14) 



that ensures that an observer measures a non-negative energy density pned - 
vector u^. For charged static black holes, the electromagnetic stress tensor satisfies Tjf 
that the weak energy condition is equivalent to 



T^ u u^u v for a timelike 
Tl , such 



£ + 4^>0, 



(3.15) 



where the Lagrangian C and its derivatives are evaluated at F 2 = —2E 2 . 

The above inequality restricts the function C, but not its derivative. Indeed, in the asymptotic 
region the generalized Gauss' law implies E 4^ ~ and, assuming that electric field vanishes asymp- 
totically, the weak energy condition leads to C > for large r. On the other hand, the asymptotic 
behavior of remains arbitrary. Indeed, for Maxwell electrodynamics and Born-Infeld-like La- 
grangians, the expression is finite for r — > oo. Also, for the Lagrangians of the type (F 2 ) p , the 
derivative vanishes when p > 1, and it is divergent if p < 1. Additionally, one may demand the 
finiteness of the total energy, that can be expressed as 



/ 



dr r 



D-2 



T r ;(r) < oo. 



(3.16) 
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Note that the above requirement on the EM energy, applied to black hole solutions, also includes the 
interior region protected by the horizon |22j. 
The equations of motion Z\ = E r T = read 



WnGr 2 
D - 2 



(f)' + (D-3) (f-k) 



( J D-l)- + 2a (D-3)(D-4) 



k-f 



(f)'-(D-5) 



k-f 
2r 



21 



One can show, using Eqs. (|3.9p and (|3.17p . that £™ = is identically satisfied. 

The differential equation (|3.17p is integrable, because it can be cast in the form 



„D-3 ( f2 



(f - k) 1 - a (D - 3) (D - 4) 



what leads to the general solution 



f-k 



(f 2 - k) 1 - a (D - 3) (D - 4) 



f-k 



D ~ l D-2 , 167tG D-2 T r 

£2 r + D-2 r 



H \6irGT(q, r) 



~D-3 (D — 2)r D - 3 ' 



(3.17) 



(3.18) 



(3.19) 



where [i is an integration constant of dimension [mass x 167rG] , and the function T(q, r) for an arbitrary 
NED Lagrangian is given by 



T(q,r) 



dvv D - 2 T r r {v) 



r 

J dv (v D - 2 £(v) - 4qE(v)^j 



D - 1 



,D-1 



C - qrE + (D - 2) Aq(f> 



(3.20) 



The Gauss law (13.10|) has been used to eliminate dC/dF 2 from the integral, so that T depends on the 
integration constant q. For a general procedure for Lovelock gravity coupled to NED see, e.g., [23]. 

Electromagnetism does not deform the asymptotic region since the relation T(q, oo) = is identi- 
cally satisfied according to Eq. (|3.20p . 

Then, the metric function in the static solution of EGB gravity coupled to NED is obtained solving 
the quadratic equation (|3.19|) in f. The existence of a real root is ensured by the condition 



T(q,r) < 



(D-2)r 
16vrG 



D-l 



1 



4a (D - 3) (D - 4) 



D-l 



(3.21) 



that is proved to be satisfied for sufficiently large r, as the r.h.s. is always positive (see the inequality 
in (Eq l2,21] )), Thus, the metric possesses two branches, 



f±(r) = k + 



2a (D - 3) (D - 4) 



l±i/l-4a (D-3) {D-A) 



WirGT(q,r) 
£ 2 r D-i 1 (£> _ 2) r D ~ x 



+ 



(3.22) 
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The ground state fj, = 0, q = corresponds to two AdS vacua, 



/±W« = H-^. (3.23) 
However, it has been shown in [M] that the vacuum /£( 

?*)vac is unstable and the graviton has negative 
mass, while the solution f^{r) vac is stable and is free of ghosts. For a general solution, from f)3.22[) in 
the weak limit of GB coupling, we have 

,2, , . , , i( 1 !\ , P lfcrGTh.r) 



« (r) = k + f U (D - 3) (5 - 4) - + - (D _ 2) + OH ■ 

/» = i + ^^ ^")[»^ (°l- < 3 - 25 > 

because T does not depend on the constant a. The opposite sign in the mass parameter \i in j\{f) 
indicates instabilities of the graviton so that it is not of physical interest for our discussion below. 

On the other hand, the function f 2 (r) in the limit a — > describes static black holes of Einstein- 
Hilbert AdS gravity coupled to NED. Because of this reason, henceforth, we consider only the negative 
branch of the metric, f(r) = f—(r), 



r 2 

f(r)=k + 



2a (D — 3) (D — 4) 



, 1 ll 16irGT(q,r) 



(3.26) 

When NED Lagrangian corresponds to the one of Maxwell electromagnetism ^Maxwell (-^ 2 ) = 
— F 2 , the function T(q,r) in Eq. (l3.26j) becomes Tuaxweii = mz^bn=3 > what reproduces the charged 
black hole solution first found in |25j . Expanding f 2 for large r, one can notice that the electromagnetic 
part possesses the same fall-off as in Reissner-Nordstrom case. 

In general, the contribution of NED to f 2 is smaller than the one of the mass term, and can 
therefore be neglected for large r. Indeed, using Eq. (|2.2ip . one can prove that, in the asymptotic 
region, the metric function and its radial derivative behave as 



f ~ k + f 2 l _2o L {D fl _ 3){D _ A)r D-3+°( r 2D-K ) > ( 3 - 27 ) 



UJ " e 2 + 1 _2^ {D _ 3){D _ /L)r D-2+ U { r 2D- 5 )- ^) 

JJ t eff 

This fact will make evident that the NED term T(q,r) in Eq. (|3.26p does not produce additional 
contributions to the energy of the system, as we shall discuss in Section 16.21 

In absence of electromagnetic fields, we have that 7~(0, r) = 0, what means that the solution (|3.26p 
reduces to the topological version of Boulware-Deser black holes in AdS spaces [24" 1 [26 ], [27] . 

Different NED models have been proposed which possess particle-like solutions whose both elec- 
tromagnetic and gravitational fields are regular everywhere. However, this does not imply that there 
are no curvature singularities. 
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The interior of the black hole is described by the metric function obtained from Eq. (|3.18p as 



2a (D - 3) (D - 4) 



1± 




c 16irG Iq dvv D - 2 Tr(v) 



(D-2)r D - 1 



(3.29) 



where c is the integration constant. In consequence, when one imposes the finiteness condition on the 
energy-momentum tensor at the origin, 



r 

lim n : / dv v D ~ 2 Tl(v ) < oo 
r->0 r u ^ 1 J 



(3.30) 



the metric function takes the value /^(0) = k ± y a ^ D _ 3 ^^ ) _^- )r D-5 ■ For c ^ 0, this is finite only in 

five dimensions, otherwise c must vanish. Further analysis is needed to relate c to the asymptotic 
mass parameter fi, what would imply new conditions in order to remove the conical singularity at 
the origin. One may also demand C to be single- valued, continuous and differ entiable. For a more 
detailed discussion on these issues for particular cases see, e.g., Refs.[T9l 122] . 

So far, we have seen that for any nonlinear electrodynamics theory coupled to EGB AdS gravity, 
both the metric (|3,26j) and the electric potential (|3.1ip can be determined from the explicit form of 
the Lagrangian C(F 2 ). We illustrate this with a few examples in the next section. 

4 Charged black holes in particular NED theories 
4.1 Born-Infeld electrodynamics 

Born-Infeld electrodynamics [2] is described by the Lagrangian density 



£bi (F 2 )=46 2 (i-yji + ^j , (4.1) 



where the coupling parameter b (with dimension of mass) is related to the string tension a' as b = 
l/2ira' . This Lagrangian reduces to the Maxwell case in the weak-coupling limit b — > oo. Generally 
speaking, when a density C(F 2 ) recovers the Maxwell theory in weak-coupling limit, i.e., C(F 2 ) = 
—F 2 + O (l/b 2 ), it is said to be Born-Infeld-type. 
The BI energy-momentum tensor has the form 

IS-**(l-fi^§)+!0£, (4-2) 



and it generates the electric field 



E(r) = . = . (4.3) 



I 2 i r 2D-i 
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The corresponding electric potential is given by the formula (j37TTj). Performing a variable change in 
the integral, u = (r/v) 2D ~ 4: , it can be expressed in terms of the hypergeometric function ^(q, r) = 



2-^1 \k> 2D -a » 2D-I ' ~ j,2 r 2D-4 j ( see Appendix IB"]) , and the solution for the potential is 

^F(q,r) . 



rv 7 (L>-3)r D " 3 
Then, the integration constant <3? = — </>(r+) reads 

9 



(D-3)r 



^ T(q,r + ) . 



D-3 



(4.4) 



(4.5) 



In order to find the metric for the black hole with Born-Infeld electric charge, we solve explicitly 
the integral (|3.20p as 



nr , \ ^ 2 r D - 1 f 

TBdq,r) = ^- T [l- 
and replacing in Eq. ()3.26j) . we obtain 



lj2 r 2D- 



+ 



4 (D - 2) q 2 



(D — 1)(D — 3) r D ~ 3 



F(q,r) 



(4.6) 



+ 



2a {D - 3) (D - 4) 
64ttG6 2 



l-4a(Z>-3) (D-A) -5 



£2 r _D-l 



(£> -!)(£>- 2) 



1-1/1 + 



+ 



647rGg 2 J r (g,r) 



6 2 r 2i?-4 I (D - 1) (D - 3) r 2 ^- 4 



1/2' 



(4.7) 



This class of black holes has been discussed in Ref.[25]. The generalization to non-Abelian gauge fields 
has been studied in Ref. [28J. In the limit of vanishing GB coupling, the metric reduces to the one of 
topological Einstein-BI black holes in AdS spaces [291 [30} 131"]. 

4.2 Conformally invariant electrodynamics 

Born-Infeld Lagrangian in higher dimensions is a physically sensible extension of four-dimensional 
Maxwell electrodynamics. However, if one is interested in a generalization of the conformal invariance 
property of 4D Maxwell theory, there exist NED actions given as power-law functions of the form 



Cced {F 2 ) = -2 X F 2 P, 

where % ls a positive coupling constant [32]. Then the conformal invariance g^ — > ^g^, 
is realized for the power p = D/A. 

The energy-momentum tensor for reads 



(4.f 



Tjf = -2 X [5^-Ap 



F 2 



F 2 p, 



and it produces the electric field 



(4.9) 



(4.10) 
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where f3 = ^p—x anc ^ 9 = f ~ 2Ppx / ° 2 ' ^hen one demands conformal invariance (p = D/4), the 
electric field takes the 4D Maxwell's form, E = q/r 2 , in any dimension. 
Then, one can calculate explicitly the function (13.201) in the metric, 

2QP-2)(-2)V^ 1 au , 
TcebM = , (4.11) 

that, plugged in Eq. (13.26]) . produces a line element which matches the form of the black holes found 
in Ref.0 for EGB AdS gravity. 

4.3 Logarithmic electrodynamics 

NED Lagrangians that contain logarithmic terms in the electromagnetic field strength appear in the 
description of vacuum polarization effects. These terms were obtained as exact 1-loop corrections for 
electrons in a uniform electromagnetic field background by Euler and Heisenberg [7], and therefore 
are a typical feature of quantum electrodynamics effective actions. 

Furthermore, logarithmic ED Lagrangians come as a realization of the old idea of removing singu- 
larities in the gravitational field, in a similar way as the BI electrodynamics removes divergences in the 
electric field. They have also been used to describe an equation of state of radiation in an alternative 
mechanism for inflation [33J. 

A simple example of a Bl-like Lagrangian with a logarithmic term, that can be added as a correction 
to the original BI one, was discussed in Ref.[8] in asymptotically flat Einstein gravity in D = 4. This 
model does not cancel the curvature singularity for small r, but makes the Kretschmann invariant 
behave as 1/V 4 , which is a weaker singularity than in, e.g., Schwarzschild or Reissner-Nordstrdm black 
holes. 

In an arbitrary dimension, the logarithmic ED lagrangian has the form 

Clo 9 (F 2 ) = -8b 2 In + . (4.12) 



8b 2 J 

It can be shown from Eq. (13.10p that the electric field has two branches, but only one features the 
Maxwell limit (b — > oo), 

E [r) = ^ (r D - 2 - \jr 2D - A + q ^j ■ (4.13) 
Considering this, the electric potential reads 



2b 2 r D ^ ( / q 2 \ 2q{D-2) F(q,r) 



q{D-l)Y V 1+ b 2 r 2D ~A (D — 1) (D — 3) r D ~ 3 ' (4 ' M) 



where T{q, r) = 2 F X (| , £j=i ? flT=I ? ~ ^ 

The electromagnetic contribution to the metric is then given by 

' 2h 2 r D-2 



q 2 




8b 2 (2D- 3) r / D _ 2 2D _, o2\ 8g 2 (D — 2) F(q, r 



(D-iy V V b 2 — 1) (D — 3) r D-3 



(4.15) 
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Using the fact that J-(0,r) = 1 = J-(q,oo), one can show explicitly that electromagnetism vanishes 
asymptotically, that is, 71og(<Z> oo) = 0. Also, in the zero charge limit, 71 O9 (0,r) vanishes, as expected. 

It is straightforward to write down the metric function / 2 (r) by plugging in the above expression 
into EGB metric in Eq. (j3.26p . This general solution reduces to the one of Ref. |8j in 4D Einstein 
gravity without cosmological constant. 

A more realistic version of logarithmic NED action is given by the Hoffmann- Infeld model |34] , 
that do remove singularities in both gravitational and electric fields for static solutions. This theory 
is described by the Lagrangian 

Chi = 46 2 (l - r/(F 2 ) - log r?(F 2 )) , (4.16) 



where rj(F 2 ) = — ^1 — y 1 + ^ij ■ It can be easily checked from the expansion r](F 2 ) = 1 + 

Jjjs- + 0(l/6 4 ) that Chi{F 2 ) is also a Bl-like Lagrangian in the weak-coupling limit. In D = 5, a 
solution to this model was discussed in Ref. [22] . 

5 Variational principle and boundary terms 

Any gravity theory is not defined only by its equations of motion in the bulk, but also by the set of 
boundary conditions that guarantees that the action is truly stationary. In general, this implies that 
the original bulk action must be supplemented by a boundary term /3, 

I = Iq+ J d D - l x(3, (5.1) 
dM 

such that the problem of a well-posed action principle reduces to the on-shell cancelation of the total 
surface term of the theory, that is, 

61= J d D - x x (G + 5(3) =0. (5.2) 

dM 

In our case, the term Oo is given as the sum of Eqs. (|2.10p and (|2.13p and, in principle, f3 can be split 
in two parts, namely, f3 = f3 grav + (3ned- 

A gravitational action whose variation vanishes for a Dirichlet condition on the metric requires the 
addition of (generalized) Gibbons-Hawking terms. This is particularly easy to see in Gauss-normal 
coordinates 

ds 2 = dx^dx u = N 2 (r) dr 2 + hij(r, x) dx l dx j . (5.3) 

We will consider a manifold with a single boundary dM at r = oo, parameterized by the coordinates 
x l , and such that fry is the induced metric on it. The extrinsic properties of the boundary are given 
in terms of the outward-pointing normal = (n r , n«) = (N, 0). In particular, we define the extrinsic 
curvature as the Lie derivative of the induced metric along this normal, 



1 1 

Kij = -- £ n hij = -— \j . (5.4) 
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As it is written in Appendix [Cj different components of the Christoffel symbol can be expressed in 
terms of the extrinsic curvature. In doing so, the surface term Qq = Q gra v + ®ned has the form 



e,: 



-h6. 



[11112] 



- [h-Hh)\K^ + 6K] 



8ttG (D -2){D- 3) 
dC 



+AV-h 



dF 2 



NF n 5Aj 



(5.5) 



where the determinant of the metric satisfies 



-9 



-h and TZ l ^(h) is the intrinsic curvature of 



the boundary, which is related to the spacetime Riemann tensor by R£, = TZ£, — K l k Kj + K^K^ (see 



at 



Appendix ICj) . 

In order to cancel Qned part of the surface term, it is a sufficient condition to take 5Ai 
dM. This means that j3 does not depend on the electromagnetic field, i.e., f3 = f3 grav . On the other 
hand, there is a systematic construction of generalized Gibbons-Hawking terms for Gauss-Bonnet and, 
in general, any Lovelock theory |35|, I36j. which for the present case gives 



-h 



$13233] j^-h 



.11 



S%S%+2a (D-2){D-3) 



SttG (D -2){D- 3) 
or, in the form which is commonly found in the literature, 



2 



1 



32 33 



(5.6) 



where G ij = U ij 



-h 



8vrG 



K + 2a [k[ K ij Ka - -K 



-K\K)K\-2G^K ij 



\ 1Z h l i is the Einstein tensor associated to the boundary metric. 



In doing so, the corresponding Dirichlet variation of the action is 



e + <5/3 



WttG (D - 3) (D - 4) 



+ 2a(D-3)(D-4) ( -11%% 



1 



- Ki 2 K? 
3 32 33 



(5.7) 



Notice that for a radial foliation of the spacetime, the on-shell variation of the action can be cast 
in the form 

1 



51 



d 



D-l 



-h 



(5.8) 



dM 



where 7r lJ and tt 1 are the canonical momenta conjugate to hij and Ai, respectively. If one uses it 13 as 
a quasilocal-stress tensor in AdS gravity, the conserved quantities derived from it are divergent in the 
asymptotic region. In other words, a well-posed variational principle is not necessarily linked to the 
problem of finiteness of the charges and action. 

In the context of AdS/CFT correspondence, the standard way to deal with the regularization 
problem in a background-independent way is the addition of local counterterms at the boundary, 
which are constructed using holographic normalization. However, the inclusion of higher-curvature 
terms in the action turns this procedure considerably more complicated. A practical method to 



14 



circumvent this obstacle in EGB-AdS gravity is to assume the same form of the counterterms as in 
the EH case, but with arbitrary coefficients [37J ESI E2] • The coefficients are then fixed requiring the 
convergence of the action for particular solutions of the theory. It is clear from this construction that 
the series cannot be obtained for an arbitrary dimension. 

The fact that in AdS gravity the leading-order of the asymptotic expansion of the extrinsic curva- 
ture is proportional to the one of the boundary metric opens the possibility to consider counterterms 
which depends on the extrinsic curvature, as well. In this alternative scheme (known as Kounterterm 
regularization) , the boundary terms are related to either topological invariants or Chern-Simons forms 
in the corresponding dimensions. In this way, it is possible to skip the technicalities of holographic 
procedures and to write down a general expression for them in any dimension, 

I = I + c D _ 1 J dP^xBo^, (5.9) 
8M 



where cd-i is a given constant. For EH AdS gravity, the Kounterterm series was shown in Refs. 
as a given polynomial of the extrinsic and intrinsic curvatures, which defines a well-posed action 
principle. In general, the action ()5.9[) varies as 

81= J d D - 1 xQ= J d D ^x (& grav + Q NED + c D ^ 1 5B D ^ 1 ) , (5.10) 
8M 8M 



such that the boundary term in (|5.9j) makes the action to have an extremum on-shell and solves the 
regularization problem, as well. 

For a given dimension, the series £?d-i possesses the remarkable property of preserving its form 
for EGB-AdS gravity [12] and, in general, any theory of the Lovelock type [43] . In what follows, we 
use the explicit form of the boundary terms to construct the general variation of the action in tensorial 
notation. 

5.1 Even dimensions (D = 2n) 

In even dimensions D = 2n > 4, the boundary term f?2n-i in (|5.9p is given by the n-th Chern form 
142] 



l 

£ 2n _i = 2nV^h [ dt5?. 1 "1 2n - 1 }Ki 1 \-Hff -t 2 K?K?) 
zn 1 I [w"»2n-i] n \ 2 nn 32 3a j 



x 

... x (~ n^- 2 ^- 1 - t 2 K i2n - 2 K i2n -A , (5.11) 

that is the scalar density whose derivative is locally equivalent to the Euler invariant (globally they 
differ by the Euler characteristic of the manifold, x(.M)). The integration in the continuous parameter 
t generates the coefficients when the boundary term is expanded as a polynomial. The constant C2 n -i 
in front of the boundary term i?2n-i which produces a well-defined variational principle is given in 
terms of the effective AdS radius as 



c 2n-i = - 1g _^„, n f i^l ( 1 - 72- (2n - 2) (2n - 3) ) . (5.12) 



16vrGn(2n - 2)! 
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It can been proven that the same choice of cm—\ ensures the convergence of the Euclidean action. 
The total surface term can be read off from the on-shell variation of the action (|5.10p . that in this 
case is 

1 



61 



2n 



16vrG(2n-2)!2™- 1 J V "V-fcn-i] 

8M 



8 1213 + 2a (2n - 2) (2n - 3) R l ?J <5 ? • 



("4/)^ ^ " ^ (2" " 2 ) ( 2 - - 3) j • • • ^ 2 „. 2J2 „_ 1 



j'2.7'3 y [7*455] 



^[*2n-2«2n-l] 
[7*2n-2i2n-l] 



2a 



l«2n-2«2n-l 



+4 



d 2n ~ x x\J —h NF rt 6Aj, 



dF 2 



(5.13) 



aw 



The reader can easily check that imposing the asymptotically locally AdS condition for the spacetime, 
i.e., 

at dM , 



0, 



(5.14) 



identically cancels the leading-order divergences in the gravitational part of the above variation. As 
a remarkable feature of the addition of Kounterterms, all other divergent terms in (|5.13|) are exactly 
cancelled out. In this way, the finite contribution is coupled to the conformal metric that is kept fixed 
at the boundary. The NED part of the surface term vanishes for a Dirichlet boundary condition for 
the transversal components of A„, 

6Ai = 0, atdM. (5.15) 



5.2 Odd dimensions (D = 2n + 1) 

The extrinsic regularization developed for odd-dimensional Einstein-Hilbert AdS gravity [3D] can be 
mimicked for EGB AdS theory, just replacing the AdS radius t by the effective one £ e ff in the boundary 
terms. Thus, the Kounterterms series is given in terms of the parametric integrations 



B 



2n 



2m 



1 t 
-h J dt J ds6 


I 2 hn~\hn 



b'l— J2n] iz!irt2 f _ 77*3*4 

h-iim] ii h \ 2 hh 



33 34 



2 "J3"J4 

eff 



f 2Tfi'2 n -l 7>-i 2 „ 1 J* r«2n-l ei 2 n 

\?2n-l 32„ T ' (2 U j2n-lj2n 

l eff 



(5.16) 



The corresponding constant for this case incorporates the information of the theory through the GB 
coupling in the form 

-1 



C2r, 



1 (-^r- 1 

16vrGn(2n- 1)! 



1 



2a (2n - 1) (2n - 2) 
I 1 

V/ 



dt (1 - t 2 ) 



2\n—l 



2(-^ // )- 1 



16vrGn(2n- l)!/3(n, i) 



2a (2n - 1) (2n - 2) 



(5.17) 
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where j3(n, |) = 2 ^ 2 n-i)}^ ^ s ^ ne Beta function for those arguments. 



5I 2 



The total action varies on-shell as 
1 



n+l 



2»- 1 16vrG(2n - 1)! 



d 2n xV^hd¥ v " hn } 



h-Hh)lKl+25Kl 



dM 



5\ i3i4 \ + 2a (2n - 1) (2n - 2) i?^ 4 ) <5 r M . 6 ! • • • t^ 2 "" 1 * 2 "] 



+ 16vrG(2n-l)!nc 2 „y & + ^ ^ 

Q \ / 



E>*2n-li2n , _ d*2n- 1 «2nJ 

iln-lh-n, f2 \j3n-132n] 



+nc 2r 



d 2n xV^h / dttS^'"H 

J [»l"-»2nj 




ax 



X ( I ft** _ t 2^3^4 + * ^3^4 
I 2 J3J4 33 34 £2 33 34 

+4 j d 2n xV^h-^NF ri 5Ai. 

dM 



\ ( 1 



*2n-l*2n +2 TS % 2n-\ 



2 J2n-lJ2n 



t 2 K l2n-l K t2n + J_ £2». 
32n-l 32n (2 J2n 
l eff 



-1 fil2n 
-1 32n 



(5.18) 



Then, the surface term from the electromagnetic part vanishes when fixing the gauge potential at the 
boundary, Eq. (|5.15p . 

Checking explicitly the cancellation of the leading-order divergences in the above action proves to 
be slightly more complicated than in the even-dimensional case, but one may reason as follows: the 
second and third lines cancel out when taking the condition on the asymptotic curvature (|5.14p for the 
particular value of C2 n given by Eq. ()5.17j) . On the other hand, for any asymptotically AdS spacetime, 
the extrinsic curvature K l - has a regular expansion in the asymptotic region, K % - = jjj + C(l/r). 
This means that variations of the extrinsic curvature vanishes at the leading-order in the vicinity of 
dA4. These conditions guarantee a well-posed action principle for odd-dimensional EGB AdS gravity, 
issue that was discussed previously in Ref . [4"2] . 



6 Conserved quantities 
6.1 Electric charge 

We will first derive the electric charge Q as a conserved quantity associated to U{1) gauge symmetry 
5\A^ = d^X, 5xg^ = 0, as its computation does not depend on the spacetime dimension. The gravi- 
tational part of the surface term in Eq. (|5.10p is gauge-invariant, such that it implies the conservation 
of the Noether current 

5 X I = J d D xd^(X) = 4 J d D xd fl (^F^^d v \\ , (6.1) 

M M 
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where the current transforms as a vector density of weight +1. In the radial foliation (j5.3|) . the 
electric charge is then the normal component of the above current 

Q[X}= J ^in/lA), (6.2) 

dM 

which, using the fact that n M is covariantly constant, can be rewritten as 

V^hn^ F» v d v X = 8 t (xV^hn^ ^) - Xn^^S" . (6.3) 



As a consequence, since f = 0, we are able to write down the integrand in Eq. (l6.2p as a total 
derivative. In order to use the Stokes' theorem we take a timelike ADM foliation for the line element 
on dM with the coordinates x l = (t,y m ), as 

h lj dx i dx j = -N 2 (t)dt 2 + a mn (dy m + N m dt)(dy n + N n dt), ^h = N^, (6.4) 

that is generated by the timelike normal vector m = (ut,u m ) = (— N, 0). The metric a m n describes 
the geometry of the boundary of spatial section at constant time E^. 
Setting A = 1, the U{1) charge reads 

Q = 4 J d D - 2 yV^ Ul NF"-^ . (6.5) 

For the static black hole metric (|3.1|) (where N = 1/f 2 and N = f 2 ) and the electromagnetic field 
strength (|3.7p . one obtains a general formula for NED electric charge 

Q = -4Vol(r D _ 2 ) lim (r D - 2 E^) . (6.6) 

Finally, using the generalized Gauss law (|3.10p . it is possible to define a finite electric charge of the 
black hole 

Q = 4Vol(r D _ 2 )g, (6.7) 

for an arbitrary NED Lagrangian. However, this definition does not guarantee only by itself that the 
electric field is well-behaved in the asymptotic region. 

6.2 Black hole mass 

In order to calculate the conserved quantities associated to global isometries of the spacetime, we 
first consider the action of diffeomorphisms bx^ = ^(x) on the fields and in terms of the Lie 
derivative, 

&z9iu> = £t9\w = - (v^6, + v^) , 

5^ = £tA lt = -d li {Z v A v )+Z''F ta ,, (6.8) 
what implies the transformation rule of the Christoffel symbol 

= ~ [R%v? + R%p) f-\ (v M v,r + v,v M r) • (6.9) 
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This leads to the transformation of the volume element, Jacobian and Lagrangian density £q 
defined by Eq.fiH^ as 

S^(d D x) = d D xd ti e, 
^V=g = -V=9Vve, (6-10) 



Then the total action (|5.9p transforms under diffeomorphisms as 

Szi = J d D x [£ e (V^gC ) + ^ (V=de c )} + c D ^ J d D - x x [^5 D _i + di [eB D -i)] 

M dM 

= J d D - l xn^(Jy@»(0 + V^e£o + c D -in»d i {eB D _ 1 f) + 

dM 

- j d D x^(-^£^£^ v + A£^£^ , (6.11) 

M 

where 0(£) = j? n M G M (£) is the surface term in Eq. (|5.10j) evaluated in the corresponding Lie derivative 
of the fields. 

The Noether current derived from the diffeormorphic invariance, 5^1 = f M d D x £^</^(£) = is, 
therefore, 

= e^(0 + v=g eto + c D ~iNn» di (e*B D _i) . (6.12) 

The conservation law d^J^ = implies the existence of a conserved quantity, which corresponds to 
the normal component of the current J M , 

Q[i\= f d^x^n^i). (6.13) 



dM 



In general, it is not guaranteed that the Noether charge can be written as surface integral in (D — 2) 
dimensions. However, for the action I, the radial component J r = jj n^J^ 1 in the foliation (|5.3j) is 
globally a total derivative on dM., i.e., 

r = d j (y=h? (V+<4)) • ( 6 - 14 ) 

The splitting in the above integrand is justified as follows: q\ produces the mass and other conserved 
quantities for black hole solutions. As we will show below, this part of the charge identically vanishes 
for the vacuum states of the theory. The term gives rise to a vacuum energy, which is present 
only in odd dimensions. 

Therefore, the conserved charges Q[£\ of the theory for a given set of asymptotic Killing vectors 
{£} are expressed as integrals on Xjqq (whose metric has been defined, in Eq. (|6.4p ) , 



QK] = / d°- 2 y ^ Uj C U+q^A ■ (6.15) 
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6.2.1 Even dimensions 



In even dimensions, the expression for the surface term 0(£) is obtained from (|5.13j) by replacing the 
variations by the corresponding Lie derivative of the fields, 



1 

N 



7» M e"(£) 



-h 



{[» — ian-i] 



16vrG(2n-2)!2 n - 1 [h-hn-i] 



5\ i2i3 \ + 2a (2n - 2) (2n - 3) ) ffj^l ■ ■ ■ jf* 2 "" 2 * 2 "" 1 ] 

IJ233] y ' ^ ' 3233 I [J4J5] b2n-2j2n-l] 



«2 \n-l 
dC 



2a 

l eff 



(2n-2)(2n-3) flg* • • • 



«2n-2«2n-l 
'32n-232n-l 



As a result of the Noether procedure, the integrand in the conserved charge (|6.15|) is 

' rb'ia— ian-i] 



(6.16) 



16vrG(2n-2)!2 n - 2 [<i-*an-i 



ic 1 x 



+ 2a (2n - 2) (2n - 3) i?* 2 !? ) 5 Hl5 \ ■ ■ ■ Sf 2 ^ 212 ^ 

[.72.J3] V ; V ; J2J3 I [J435] [32n-232n-l] 



n-1 



2a 

l eff 



(2n - 2) (2n - 3) j R^ - R 



l«2n-2*2n-l 
j2n-2j2n-l 



3.17) 



plus a NED contribution due to the last line in Eq. (|6.16p . what vanishes for black hole solutions, as 
shown below. At the same time, qfL^ = for even dimensions. 

The second and third lines in the expression (|6.17p can be seen as a polynomial of rank (n—1) in the 



Riemann tensor and the Kronecker delta -^-S\ l2i . which can be factorized by ( R 1 ^? + 



1 d l 2«3j 



3233 



\32Ti 



?lff [3233V 

As a consequence of the fact that for any maximally symmetric spacetime this factor vanishes, any 
conserved quantity defined on it will be identically zero in even dimensions. 

The energy of black hole solution to EGB AdS gravity coupled to NED (13. ip is computed evaluating 
the formula ()6. 15[) for the Killing vector = (1,0) and the unit normal Uj = (— /, 0) which defines a 
constant-time slice, 

1 



M = Q[d t ] 



16vrG(2n-2)!2"- 2 



T2n-2 



< 1 1 t]+ 2 «( 2 -- 2 )( 2 --3)« 2 )^ 



d 2n - 2 vVl fr 2n ~ 2 5 r [mi '" m2 "- 1 21 K\ x 

^ V ' J [ni— »2n-2] * 

r[n2n-3"-2n-2] 



•[713TI4J 
[m 3 m 4 ] 



' ll-^(2n-2) (2n 3; j I,", 



2a 



ri2 

m,2 



[ma n — 3 m 2n — 2\ 



Tjri2n-3ri2n-2 
rn2n-3iri2n-2 



From the explicit form of the extrinsic curvature 
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~2N 



h ik h' 



-f 



f_ xm I 1 

r u n 



3.18) 



(6.19) 
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and the boundary components of the Riemann tensor in Eq. (l3.3p . one obtains a general formula for 
the mass in even dimensions, 



M = V ° 1 1 ( r r2 "- 2) Hm r^\fY 
lD7rG r->oo 



l-^(2n-2)(2n-3)j^(^ fc 



P — k 

1 - 2a (2n - 2) (2n - 3) 

(6.20) 



In order to relate the above expression to the integration constant fi, one must consider the asymptotic 
expansion of the metric function (|3.27p in the following way, 

f - k 1_ /i 1 , ^ ( 1 

eff 



(I 1 — j^- (2n — 3) (2n - 4) 1 ' ° I -4n-4 J > (,K ' 2 1 ! 



/ 2 -fc\ n_1 1 (n-l)A» 1 



+ Ohn , (6-22 



r 2 y ^ 2 ™- 2 1 — Jp- (2n — 3) (2n - 4) ^""V 2 ™" 1 

and its derivative f|3.28|) . When expanded, Eq, (|6.20p might contain divergences of order r 2n_1 . It 
is then a remarkable fact that the divergent terms cancel out for the particular value of c^n-x m 
Eq. (j5.12p . what leaves a finite result for the energy 

M= (2n-2)Vol(r 2 „_ 2 )^ 
167rG 



in agreement with the expression found in, e.g., Ref.[ 

Now we turn our attention to the NED contribution to the diffeomorphic transformation of the 
action, that is, the last line in Eq. (|6.16p . This part of the surface term produces, by virtue of the 
Noether theorem, an additional piece with respect to the charge formula given by Eq. (|6.17p . which is 
written in any dimension as 

Qned [£] = -4 J d D - 2 y^u 3 NF^ (f A,) . (6.24) 

S CO 

However, when we evaluate Eq. (|6.24p for the Killing vector £ = dt and the static black hole metric, 
we notice that 

Qned [dt] = -4q Vol(r D _ 2 ) 0(oo) = , (6.25) 
as anticipated in the discussion following the deduction of the charge formula. 
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6.2.2 Odd dimensions 



The form of the surface term 0(£) in odd dimensions (D = 2n + 1) follows from the on-shell variation 
of the action, Eq. (|5.18p . Its expression is slightly more complicated than in the even-dimensional case 
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(6.26) 



where, for shortness' sake, we have chosen not to use the explicit form of c 2n given by Eq. (|5.17p . 

In odd dimensions, the Noether charge appears as the sum of two parts, since qL^ in Eq. (|6.15j) is 
no longer vanishing. The first part takes the form 
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whereas the second one is given by 
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(6.28) 



We recall the fact that the constant c 2n was chosen to cancel at least the leading-order divergence 
in the variation of the action (|5.18p . Thus, it can be readily checked that q\ is identically zero for global 
AdS spacetime which satisfies (|2.19p in the bulk. This means that the second and third lines in the 
expression (|6.17p are again a polynomial of rank (n— 1) in the Riemann tensor and the Kronecker delta 
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^"^b'ais]' wnere ^hh = ~ W~ ^[hh] * s a ro °^ °^ ^" therefore, any maximally symmetric spacetime 



will have vanishing mass and angular momentum due to the fact that q\ = 0, such that all the 
contributions to the vacuum energy will come necessarily from Eq. (|6.28p . as shown below. On the 
other hand, the presence of c 2n in the formula of vacuum energy reflects the fact that its existence is 
entirely due to the addition of the Kounterterm series (|5.16[) . 

Proceeding as in the even-dimensional case, we compute the black hole mass evaluating the first 
term in the formula (|6.15p . 
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Using the Riemann tensor in Eq. (13.3p and the extrinsic curvature for the generic black hole metric 
given by Eq. (|6.19p . the above formula reduces to 
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3.29) 



It is straightforward to express the mass M in terms of the constant [i in the metric, by means of 
the expansion of the metric function in Eq, (|6.2ip . its derivative (|3,28p and the last line in the above 
relation, 

1 f k- f 2 t 2 V _1 1 { 2a , w A 

o dt {-^ + Wf) = - 16^(2n-l)!nc 2n ( % (2n - 1) (2n - 2) j x 

x (l - %L {2U ~ l) H -±-)+0 ( -L-\ (6 30) 

X I 1 2 1 _ M2n-2)(2n-3) r 2n J ^ U \ r 4n-3 J " V - 5 ^ 

Unless the constant c 2n is fixed as in Eq. (|5.17p . the formula (|6.29p contains divergences of order r 2n . 
Therefore, the boundary term c 2n -B 2n plays a double role: it cancels out the divergences in the Noether 
charge, but also contributes with a finite piece to give the correct result for the mass 

M= (2„- 1) Voi(r 2 „_ 1 )^ 

167tG 
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what matches the one in Ref.[44J. In turn, the vacuum energy for AAdS black holes is reflected in the 
formula (|6.28p . that in the black hole ansatz (|3.ip adopts the form 
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More explicitly, plugging in the components of the boundary curvature, 
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3.34) 



the zero-point energy of the system is 



E vac = 2n (2n - l)!c2„Vol(r 2 „-i) lim dtt f 



n-l 



(6.35) 



As the metric function and its derivative can be expanded as in Eqs. (|3.27p and (|3.28p . we notice that 
all the terms that depend on the parameter /j, vanish in the limit r — > oo. As expected, the vacuum 
energy depends only on the topological parameter k, the effective AdS radius and GB coupling, that 
is, 



{2n-l)\c 2n Vo\{T 2n _ x )k n 

VoKrWQ (2n-l)!!^ ( 2a _ _ 



(6.36) 



e/7 



The above formula matches the vacuum energy in EGB gravity obtained in Ref. |42j by means of 
Kounterterm regularization. This implies that for an arbitrary NED Lagrangian the fall-off of the 
electromagnetic field is always such that it does not contribute to the total energy of the gravitational 
configuration. 



7 Conclusions 

We have used counterterms for Einstein-Gauss-Bonnet gravity coupled to nonlinear electrodynamics in 
the form of polynomials in the extrinsic and intrinsic curvatures of the boundary in order to regularize 
the conserved charges in the AdS sector of the theory. It has been shown that this regularization 
scheme (also known as Kounterterm method) provides finite values for the mass for charged static 
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black holes with spherical, locally flat and hyperbolic transversal section in all dimensions, and the 
correct vacuum energy in odd dimensions. 

We have also analyzed the fall-off conditions that ensure the finiteness of the electric charge for 
an arbitrary NED Lagrangian C(F 2 ), which do not produce additional contributions to the mass of 
black hole in Einstein-Gauss-Bonnet AdS gravity. 

It is well-known that a vacuum energy for global AdS spacetime in odd dimensions appears only 
in background-independent methods to compute conserved quantities. This is particularly important 
from the semiclassical point of view in order to interpret the Noether charges as thermodynamic 
variables, and to consistently incorporate the vacuum energy in the definition of internal energy of the 
system [15], in a similar fashion as in Einstein-BI system [46] (for a thermodynamic analysis of the 
same system using a background-subtraction method see Ref. [47J ) . The addition of a series of intrinsic 
counterterms in pure EGB AdS gravity (see, eg., Refs. [371 138^ 139]) presents the advantage of obtaining 
the conserved quantities from a boundary stress tensor, that is, as holographic charges. However, the 
explicit form of such series does not exist for a high enough dimension. On the contrary, an expression 
for the Kounterterms is given by Eqs. (|5.1ip and (|5.16p in all dimensions. In that respect, one would 
like to see the above charges as coming from a quasilocal stress (Brown- York) tensor. There are good 
reasons that make us think that this could be possible, despite the fact that the on-shell variation of 
the action takes the form 

SI D = J d D - l x V^h Q t{ [h^Shy. + A\ 5K) + WSaS , (7.1) 

dM 

where one cannot directly define a quasilocal stress tensor as T* J = (2/\/—h) (5Ir> / 5hij). 

Indeed, there are gravity theories where the surface term in 51 contains variations of the extrinsic 
curvature 5Kj, which cannot be eliminated by the addition of a generalized Gibbons-Hawking term, 
and where a holographic stress tensor for AAdS spacetimes can be still read off from the variation 
of the action. One example featuring this property is Topologically Massive Gravity in 3D, where 
the surface term coming from the variation of the gravitational Chern-Simons term contains SKJ-. 
It is known that there is no term that can be added to the action to trade it off by a piece along 
5hij. However, it can be shown that in the asymptotically AdS sector of the theory, there is a 
contribution from the gravitational Chern-Simons term to the holographic stress tensor which couples 
to the conformal structure g(o)ij > even though a quasilocal stress tensor associated to 5hij cannot be 
defined [48j . This follows from the fact that, for AAdS spaces, the leading order in the expansion of 
the boundary metric is the same as the leading order of the extrinsic curvature. A quasilocal stress 
tensor cannot be identified either in 4D AdS gravity when one adds the (topological) Gauss-Bonnet 
term to the Einstein-Hilbert action. In this case, the Gauss-Bonnet term does not change the field 
equations in the bulk but, as expected, it modifies the surface term in the variation of the action. In 
this case, 51 also adopts the form of Eq. (]7.ip . However, the second term in (|5.6f) -which in D > 4 sets 
a well-defined action principle when the metric is held fixed at the boundary - cannot be used for the 
same purpose in four dimensions. One can show that the variation of the action produces a boundary 
stress tensor for AdS gravity (upon a suitable choice of the GB coupling) which is finite and the 
same as the one prescribed by holographic renormalization [49]. This is a consequence of the fact that 
the contribution \/—h Aj 5K % - vanishes identically when one performs an asymptotic expansion of the 
fields. 

The above examples give some indication on what should be the pattern in higher-dimensional 
Einstein-Hilbert and Einstein-Gauss-Bonnet AdS case: in D = 2n dimensions, the term that contains 
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SKj should always vanish as we approach to the asymptotic region, such that the quasilocal stress 
tensor can be read off directly from Eq. (j7.ip . On the other hand, in odd dimensions, A] 5K % - should 
contribute with a finite piece to the holographic stress tensor which does not modify the Weyl anomaly. 
We expect to provide a proof of the above claim elsewhere. 
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A Kronecker delta of rank p 

The totally-antisymmetric Kronecker delta of rank p is defined as the determinant 
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A contraction of k < p indices in the Kronecker delta of rank p produces a delta of rank p — k, 
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where N is the range of indices. 
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B Hypergeometric function 

We use an integral representation of the Gauss' hypergeometric function, 

Tic) f u^ 1 (1 - u) 

' f = r W r c -t) 7 ** (i-J)' ' <R1> 



where c is not a negative integer and either \z\ < 1, or \z\ = 1 with 3fte(c — a — b) > 0. In particular, 
the following integral is solved in the text, 

' u 6 " 1 1/1 \ 

du = - 2 F X \-,b]b + l]-z }, b>0. (B.2) 

y\ + zu b \2 J 


The first derivative of the hypergeometric function is 

-^-2*1 {a,b;c;z) = — 2 F X (a + 1, b + 1; c + 1; z) , (B.3) 

az c 

and it expands for small z as 
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C Gauss-normal coordinate frame 

In Gaussian coordinates (|5,3p . the only relevant components of the connection are expressed in 
terms of the extrinsic curvature K{j = — 277 Kj as 

r r ij = ±K ij , vij = —NIC- , r; r = ^. (C.l) 

The radial foliation (15, 3j) implies the Gauss-Codazzi relations for the spacetime curvature, as well, 

Rtl = ^ (ViKl-V k Kf) , (C.2) 
K r r = ^ {KiY-KiKi, (C.3) 
flg = ^-KlKj+KiKl^^-KlKl (G4) 

where Vj = Vj(/i) is the covariant derivative defined in the Christoffel symbol of the boundary 
^ij(d) = ^(/i) an d T^kii? 1 ) 1S the intrinsic curvature of the boundary. 
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